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The results of numerical simulations of convection in a rotating layer are used to
compute the a-effect of mean-field electrodynamics. The computations are carried out
for different system sizes. It is found that the outcomes can depend critically on the
system size, and that physically meaningful results can only be obtained if the system
size is large compared with the typical eddy size.

1. Introduction

The average induction in a moving fluid plays a central role in our understanding of the
generation of large-scale magnetic fields in astrophysical bodies. Its efficiency is measured
by the a tensor of mean field electrodynamics, which gives the contribution to the mean
electromotive force proportional to the mean magnetic field, and which is non-zero only
for systems lacking reflectional symmetry. Since the physical nature of the a-effect is
that of a regeneration term, its magnitude is directly related to the dynamo efficiency.
Considerable effort has therefore been expended in the calculation of o for different
classes of flows. One such class, which is particularly important astrophysically, is that
of turbulent flows or, more generally, flows that are extremely spatially disorganised.
The calculation of a for these flows poses a significant challenge. Broadly speaking,
there are two ways of approaching the problem. One is to work with the full turbulent
velocity field, either in terms of analytic theories of MHD turbulence or via large-scale
numerical simulations. The other is to argue that most turbulent flows can be regarded as
a collection of basic flow structures — for example, cells in turbulent convection, cyclonic
eddies in rotating turbulence — to compute a for one such structure, and to regard its
value as representative of the whole ensemble. In general, the second approach, though
by no means straightforward, is more practicable, both analytically and numerically. The
question naturally arises as to whether the two approaches give the same answer. One
way to address this issue would be to proceed numerically, to calculate « for a spatially
extended turbulent flow, and to compare this with the value obtained for an isolated
flow structure. Until recently, such a comparison could not reasonably be undertaken,
owing to the inherent difficulties of representing an extended turbulent system. However,
with the constant increase in computational speed, such calculations have now become
feasible.

Turbulent convection provides a particularly convenient and astrophysically relevant
system in which to address these issues. In the presence of rotation the convection will
typically have non-zero helicity, indicating a lack of reflectional symmetry, and it is
therefore natural to expect the a tensor to be non-zero. Assuming that the a-effect
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is well defined for an extended system, it is natural to ask what is the smallest sub-
system that correctly reproduces the same behaviour. The study of smaller sub-systems
is misleading, that of larger systems wasteful.

It is well known that turbulent convection appears as a pattern of convective cells;
this is a robust feature, seen in experiments, numerical simulations and observations of
naturally occurring convection. How many cells does one need to capture the behaviour
of the full system? More specifically, is the behaviour of a single cell representative of the
system as a whole? In answering these questions one can imagine two types of problems.
The first is that, assuming one can calculate « for a single representative cell, how does
one use this value to construct the average over a disordered distribution of such cells; i.e.
what is the relationship between a typical value of @ and its average value? The second
concerns the very representation of a typical cell. As we shall see, there are cases where
reduction in the system size leads to a change in the basic cell structure such that, in
the end, they are no longer representative of the extended system.

It is extremely important, particularly in the light of the approach we shall adopt
in this paper, to clarify the difference between dynamo action and mean induction, as
measured, say, by the a-effect. Dynamo action describes the growth of magnetic fields.
Traditionally a distinction has been made between small-scale and large-scale dynamo
action. The former refers to the growth of magnetic fluctuations, without necessarily
any accompanying growth of the mean field. It is believed to occur in any complicated
three-dimensional flow provided the electrical conductivity (measured by the magnetic
Reynolds number) is sufficiently high; it does not require helicity nor, indeed, any lack
of reflectional symmetry (see, for example, Vainshtein & Kitchatinov 1986; Childress &
Gilbert 1995). The latter is associated with the growth of the mean field. It requires mean
induction, which proceeds only in flows lacking reflectional symmetry. It should be noted,
however, that the presence of mean induction is not, of itself, sufficient to guarantee the
growth of the large-scale component of the field. For instance, if the dissipation of the
large-scale field overwhelms the mean induction then the large-scale field will decay. In
the present paper we are interested in mean induction effects; they will be measured in
terms of the mean current parallel to the mean magnetic field, and not in terms of the
growth of the mean field.

2. Formulation

Our present objective is to study how mean induction effects vary with system size.
A simple system that leads to non-trivial behaviour consists of a plane layer of incom-
pressible (Boussinesq) convecting fluid rotating about the vertical axis. The presence of
rotation imparts a definite handedness to the system which, combined with the up-down
symmetry of Boussinesq convection, leads to a helicity distribution that is anti-symmetric
about the midplane. The emf arising from the imposition of a uniform horizontal field
will therefore likewise be anti-symmetric about the midplane and thus can be measured
by means of averages over the lower (or upper) half volume. For this set-up the relevant
parameter measuring the system size is the horizontal extent of the layer, which we vary
from being comparable with to much larger than a typical convective cell size.

We consider a Cartesian layer of fluid of depth d, angular velocity Q, density p, kine-
matic viscosity v, thermal diffusivity x and magnetic diffusivity 7. Following standard
practice, we adopt the layer depth d, the thermal relaxation time d?/k, and the tempera-
ture drop across the layer AT as the units of length, time, and temperature respectively.
We measure magnetic field intensities in units of the equivalent Alfvén speed B/\/jiop,
where g is the magnetic permeability of the medium. With these units, and in standard
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notation, the evolution equations read

(0 —oV?)u+u-Vu+oTa'’?e, xu=—-Vp+J x B+oRabe, , (2.1)
(0 —0/0, V) B+u-VB=B-Vu, (2.2)

(0 —VHi+u-Vl=w, (2.3)

V.-B=V-u=0, (2.4)

where J = V x B is the current density, w is the vertical velocity, and 6 denotes the tem-
perature fluctuations relative to a linear background profile (e.g. Chandrasekhar 1961).
Four dimensionless numbers appear explicitly: the Rayleigh number Ra = gafd* /kV
(where g is the gravitational acceleration, & is the coefficient of thermal expansion and
0 is the superadiabatic temperature gradient), which measures the strength of thermal
buoyancy relative to dissipation; the Taylor number Ta = 4Q2d*/v?, and the kinetic and
magnetic Prandtl numbers

o=2 and amzz. (2.5)
K n

In the horizontal directions we assume that all fields are periodic with periodicity A. In
the vertical we consider standard illustrative boundary conditions on the temperature and
velocity fields, namely that the boundaries are perfect thermal conductors, impermeable
and stress-free. Formally these correspond to

f=w=0,u=0,v=0at z=0,1. (2.6)

We assume that the horizontal boundaries are perfectly electrically conducting, which
corresponds to the conditions

B,=0,B; =0,B,=0at z=0,1. (2.7)

In this system the importance of rotation is controlled by both the Taylor and Rayleigh
numbers. We wish to explore regimes in which the rotation is significant, so that the
resulting flows are helical, and in which the convection goes from being close to marginal
to being quite vigorous. These requirements dictate that for vigorous convection Ra and
Ta should be comparable and 2 10°. Substantially larger values become computationally
difficult; we therefore follow Cattaneo & Hughes (2006) and choose to fix Ta = 5 x 10°
and vary Ra accordingly. In what follows we also fix 0 =1 and o, = 5.

We solve equations (2.1) — (2.4) numerically by standard pseudo-spectral methods opti-
mized for machines with parallel architecture. Details concerning the numerical methods
can be found in Cattaneo, Emonet & Weiss (2003).

The problem of dynamo action in a rotating convective layer has been considered by
a number of authors. Childress & Soward (1972) computed the a-effect analytically for
convection near marginal stability. Their work was later extended to the weakly nonlinear
regime by Soward (1974). Subsequently there have been several numerical investigations
of the problem. St Pierre (1993) considered sub-critical dynamo action — the ‘strong
field branch’ (for a discussion of sub-critical effects in rotating convection see Eltayeb &
Roberts 1970 and Fautrelle & Childress 1982). Supercritical dynamo action (the evolution
from an initially weak field) in infinite Prandtl number convection and with electrically
insulating boundary conditions was investigated by Jones & Roberts (2000) and extended
to the case of higher T'a and an inclined rotation axis by Rotvig & Jones (2002). Precisely
the same system as considered here has been studied by Stellmach & Hansen (2004) for
aspect ratios close to unity, and by Cattaneo & Hughes (2006) for larger aspect ratios.
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3. Results

In the absence of a magnetic field, and for Prandtl numbers greater than or equal to
unity, convection sets in as a direct instability, the critical Rayleigh number being given

Y

o

72 Ta
2 k)
k;,

where kj = k7 + k7, and Rao = (7* + kj)?/kj. is the critical value for convection in
the absence of rotation (Chandrasekhar 1961). For our choice of Taylor number (Ta =
5 x 10°), Ra. takes its minimum value of Ra. = 59008 with k;, = 11.4. We could
say therefore that, close to marginal stability, the typical convective cell has aspect ratio
close to one half (27/11.4 ~ 0.55). As the Rayleigh number increases, convection becomes
more vigorous with a corresponding increase in the magnetic Reynolds number Rm. At
Ra =~ 170000, Rm is sufficiently large that, in an extended system, the flow becomes
unstable to dynamo action.

Our approach to calculating « is to measure the emf induced by the presence of an
externally imposed uniform horizontal magnetic field Bg. The a tensor is then defined
by the relation

Ra. = Rag + (3.1

~—

~—

T
os(1)By = 7 [ &0y (32

where £ = (u x b) and where angle brackets denote an average over the lower, say, half-
volume. In general we expect a(T") to converge to a well-defined value for sufficiently
large T, i.e. values of T that are much larger than the correlation times for £. However,
since the latter is not known a priori, the rate of approach to the limiting value is also
of interest (see Cattaneo & Hughes 2006).

The findings of this paper are based on roughly fifty individual numerical experiments.
We have considered three values of the Rayleigh number: Ra = 80000, which is mildly
supercritical; Ra = 150000, which leads to more vigorous convection, but is still below
the threshold for small-scale dynamo action; and Ra = 500000, for which the convection
is very vigorous and is well above the dynamo threshold. For each of these values of
Ra we consider system sizes of A = 0.5, comparable with a convective cell size, A = 1,
A =2 and A\ = 5, for which the layer contains over a hundred cells. We consider purely
hydrodynamic cases (no imposed field) and two values of the externally imposed field
strength, namely By = 0.1 and By = 10. The smallest of these has no appreciable effect
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