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We study the early stage of the phase separation of a binary mixture far from its critical point
of demixing. Whenever the mixture of two mutually repulsive species is quenched to a temperature
below its critical point of miscibility, the effect of the enthalpic repulsive force prevails upon the
entropic tendency to mix, so that the system eventually separates into two coexisting phases. We
have developed a highly nonlinear model, in close analogy with the linear theory of Cahn and Hilliard,
where a generalized free energy is defined in terms of two parameters ¥ and a, the first describing
the equilibrium composition of the two phases, and the second denoting a characteristic length
scale that is inversely proportional to the equilibrium surface tension. The linear stability analysis
predicts that any perturbation of the initial mixture composition with wave number k smaller than
/2% /a will grow exponentially in time, with a maximum growth corresponding to kmax = Vib/a.
A numerical solution of the equation shows that nonlinear effects saturate the exponential growth,
and that the concentration distribution tends to a steady state, periodic profile with wavelength
A = 2ma/+/ corresponding to the fastest growing mode of the linear regime. The main result of our
theoretical model is that this steady state does not depend on the form of the initial perturbation
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to the homogeneous composition profile.

PACS number(s): 64.70.Ja, 64.60.Cn, 64.60.Ht, 64.75.4+-g

I. INTRODUCTION

In this work we present a theoretical model of the early
stage of phase separation, in the case where the mixture
is quenched into the unstable region of the miscibility
gap. This process, called spinodal decomposition [1], is
a particular case of first-order phase transitions. It is
characterized by the fact that concentration fluctuations
grow instead of decaying, and therefore it requires no
activation energy, in contrast to nucleation, which occurs
in the metastable region of the miscibility gap.

PFirst-order phase transitions were first observed in al-
loys, glasses, and polymer solutions [2], and only more
recently have experiments been conducted on simple lig-
uids and binary liquid mixtures. In a pioneering series of
articles by Goldburg and co-workers [3] and Wong and
Knobler [4], it was shown that phase separation takes
place in two stages: in the first stage long-wavelength, de-
localized concentration fluctuations grow exponentially,
until they coagulate into metastable drops; then, in the
late stage of separation, the characteristic droplet radius
R grows in time like R < t™, where m = % in the early,
purely diffusive stage [5], and m = 1 at a later time,
where surface tension effects become dominant [6]. More
recently, by using a density-matched system to suppress
gravity effects, these mieasurements were repeated and
improved [7], by using both light-scattering and direct
visualization techniques.

In this work we study the first stage of phase separa-
tion, i.e., spinodal decomposition, assuming that a binary
mixture is quenched well below its coexistence curve.
Therefore, unlike most of the previous treatments, our
system is far from its critical point and therefore non-

1063-651X/96/53(3)/2613(11)/$10.00 53

linear terms cannot be neglected, except for very short
times. At the basis of our theoretical approach is the
thermodynamic theory proposed by Cahn and Hilliard
[8], where all interactions are assumed to be incorporated
into the free energy of formation, with no further effects
needing to be considered. This approach was general-
ized and justified microscopically by Langer [9], Binder
[10], and Kawasaki and Ohta {11], showing that it is valid
provided that all time and length scales are large enough
that all fluctuations have died out and the only “slow”
variables are the molar fractions of the two species com-
posing the mixture. Now, the linearized form of this
theory [8, 12] seems to describe well the early-time dy-
namics of spinodal decomposition, and in fact it has been
extended to describe polymer blends by deGennes [13],
Pincus [14], and Binder [15]. However, as at later times
the local composition of the mixture moves away from
its mean value, the linear approximation is not valid any
more [15, 16], and nonlinear effects become dominant.
One of the main contributions of this work is to recog-
nize the importance of nonlinear effects and show that,
once they are considered, a system subjected to an ini-
tial small perturbation in composition tends to assume a
stationary, periodic composition profile, independent of
the form of the initial perturbation. This corresponds to
the formation of small drops in a metastable state, which
later will grow due to diffusion and coalescence [4, 5].
This paper is organized as follows. In Sec. II we
present the basic thermodynamic theory, showing that
the nonlinear terms arise naturally from it. Then, in
Sec. III, a continuity equation for the local composi-
tion is derived and solved analytically, for short times,
and numerically, for longer times, showing that the con-
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centration distribution tends to a steady-state periodic
profile.

II. STATIONARY STATE

A. Classical thermodynamics

We consider a homogeneous mixture of two species A
and B with molar fractions =4 and z g, respectively, con-
tained in a closed system at temperature T' and pressure
P. The equilibrium state of this system is such that it
minimizes the molar Gibbs energy of mixing, Ag, sub-
jected to the constraint that the total number of moles
is conserved. Here

Ag =g —(gaza + gBxB), (1)

where g is the energy of the mixture, while g4 and gg
are the molar free energies of pure species A and B, re-
spectively, at temperature T and pressure P. Ag is the
sum of an ideal part Ag'd and a so-called excess part g°*,
with

Ag? = RT[zplnzy + zplnzp], (2)

where R is the gas constant, while the excess molar free
energies is typically expressed through the Margules cor-
relation [17] :

g = RT:I:A:L'B[‘I/A.’EA + \PB:L‘B]} (3)

where ¥ 4 and ¥p are experimentally determined func-
tions of T" and P. In the following, we shall assume that
P is fixed, so that the physical state of the mixture de-
pends only on T" and = 4. Also, for the sake of simplicity,
in the first part of our work we shall assume that species

A and B have physical properties that are close enough

to have
Uy=Ug =17, ' (4)

so that the excess molar free energy (3) reduces to the
Flory-Huggins expression [18]

g =RITVzsxg. (5)

It should be noted that expression (3) for the free en-
ergy refers to equilibrium states; yet, in this work we
apply it to states far from equilibrium. In Appendix A
we show that this can be done for gas mixtures, show-
ing that U is proportional to the second virial coefficient
and characterizes the tendency of equal molecules to ag-
gregate. For liquid mixtures, although the analysis of
Appendix A is not applicable, the equilibrium expression
for the free energy is still valid, provided that the con-
dition of local equilibrium is satisfied. That means that
the mean square amplitude of the fluctuations in compo-
sition is smaller than the square of the composition itself,
a condition that is generally referred to as the Ginzburg
criterion [19].

The interesting point for first-order phase transitions
is that below a certain critical temperature T, the molar
free energy given by (2) and (3) [or (5)] is a double-well
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potential, as shown in Fig. 1{a). Now it is well known
that the molar free energy can be written as [17]

g/RT = paza + ppzsg, (6)

where ;14 and pp denote the chemical potential of species
A and B in solution, respectively, i.e.,

_ 1 0%mng) 1 0ng)

B= RT 677,3 ’ (7)

pa = RTV a'I’LA ’

Here n4 and np denote the number of moles of species
A and B, respectively, and n = n4 + npg. Differentiating
Eq. (6) and applying the Gibbs-Duhem relation, after
easy manipulations, we obtain

g zp dg g , Ta dg
PA= or Y BT des P RT Y RT G2y ©
where the derivatives are taken at constants 7 and P.
From here we see that the two quantities ¢ = x4 and
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FIG.1. (a) Gibbs free energy of binary mixtures as a func-

tion of composition. (b) Coexistence (continuous line) and
spinodal (dashed line) curves.
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[t = jtg — pp are thermodynamically conjugated, that is
d(g/RT)
= ———_ . - 9
I 7 (9)

From its definition, the chemical potential u is given by
the following expression:

pn=po+ln + (1 - 2¢), (10)

¢
1-¢
with po = (g — ga)/RT.

Now, imposing that the stability condition 8%g/8¢? >
0 is satisfied, we find

1 /T -2\
o-H<w-3-3(52) (11)
which defines the so-called spinodal curve ¢,(T"), and
depends on the function ¥ = W(T), that we assume
to know. Consistent with assumption (4), the spinodal
curve is symmetric about ¢, = —é—, which corresponds to
the value U, = 2 [cf. Eq. (11)] at the critical point.
Here we have three coexisting phases and two compo-
nents, so that the critical temperature T, is determined
uniquely for any given pressure. These values of ¢, and
T. characterize the critical point, where the onset of in-
stability occurs: when ¢ = ¢, for T > T, (i.e., ¥ < 2)
the system is entirely miscible, while for T' < T, (i.e.,
¥ > 2) the mixture will separate into two distinct phases.
The compositions ¢, of these two phases at equilibrium
are such to minimize Ag in (1)-(3), so that by imposing
@ =0g/8¢ = po, in Eq. (10), we obtain the well-known
mean field self-consistency equation [19]

(¢e — 3) = 3 tanh [¥(de — )], (12)

which near the critical point can be approximated as

e—3=3 (‘I"z)m.

N

|== =z

2

5 (13)

This is the implicit analytic expression of the coexistence
curve ¢.{T"} which, in agreement with its physical inter-
pretation, satisfies the following inequality:

|¢3 - %l < |¢e - %]s (14)

showing that the coexistence curve is always external to
the spinodal curve [see Fig. 1(b)]. Note that, when ¥ >

1, both spinodal and coexistence curves reduce to ¢ =0 .

and ¢ = 1.

B. Generalized potential

Until now, all effects of spatial inhomogeneity have not
be taken into account in our thermodynamic formula-
tion. Following Cahn and Hilliard [8], we consider the
total generalized free energy G as the following volume
average:

= 1 f.
G=g=vfgdr,

where g is the generalized specific free energy, which in

(15)
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turn depends both on the concentration and on its space
derivatives. The function § then is expanded in a Tay-
lor series about the homogeneous concentration, so that,
considering the isotropy of the medium and neglecting
fourth-order gradient terms, we obtain

§(¢7 V(ZS, VVQS: H ) = g(é) + Cl(v¢)2 + sz2¢ +eeey
(16)

where C; and C are temperature-dependent coefficients,
and we have considered that §(¢,0,0,...) = g(¢). Here
and in the following we assume that the molar volumes
of the two species are equal to each other, so that gravity
effects can be ignored. Therefore, apart from a constant
factor, molar and volume specific free energies are equal
to each other.

Now, the integral in Eq. (15) is evaluated, subjected to
no-flux or periodic boundary conditions on the boundary
of the volume V, and to the additional constraint that
the total mass be conserved, i.e.,

& = ¢o. (17)

Therefore, due to the above-mentioned boundary condi-
tions, the contribution of the last term in Eq. (16) to the
generalized free energy is zero, and we obtain

G =7 [l8(6) + §RTa*(V4)ar, (18)

where we have assumed that C; = 1/2RTa? is posi-
tive, since it takes energy to form spatial inhomogeneity,
with @ representing the typical length of spatial inhomo-
geneities in composition. Asshown by van der Waals [20],
a is inversely proportional to the surface tension between
the two phases, and, as such, is a small length, typi-
cally = 0.1 ym. Equation (18) is generally referred to as
the Landau-Ginzburg extension of the Ornstein-Zernike
free energy form [19]. Again, it should be stressed that
this expression countains only the leading-order term in
expansion (16), and therefore it is valid only when the
concentration gradient is not too large. This condition is
equivalent to the Ginzburg criterion [16, 19] stating that
the mean square amplitude of the changes in composition
is smaller than the square of the mean composition, i.e.,

(¢ — ¢0)? < ¢5. (19)
Now, at equilibrium, the generalized free energy is min-
imized. Therefore, applying the Euler-Lagrange equation
to (18), subjected to the composition conservation con-

straint (17) and periodic or no-flux boundary conditions,
we obtain [8]

_ 1 55(¢) _
" RT §é(r)

which defines the generalized chemical potential ji, where
v is a Lagrangian multiplier introduced by the subsidiary
condition (17) and depends on ¢. In particular, y = 0
when ¢¢ = %, due to symmetry. In this case, near the
critical point and defining ¢ = 1(1 + u), Eq. (20) in one
dimension reads

a(9) n(¢) —a?V3¢ =1,

(20)

Uzs + 2¢u — Su® =0,

(21)
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with u, = du/dz, and ¢ = ¥—2, where O(u®) terms have
been neglected and the z coordinate has been scaled in
terms of a. This equation can be solved exactly, imposing
that u tends to its equilibrium values, u. = 1/3¢/2 at
infinity and that the interface is located at z = 0, that is
©(0) = 0 and u(o0) = u., finding [21]

u(z) = ue tanh [\/9z]. (22)

Now, this solution, although it corresponds to an abso-
lute minimum of the free energy, is in no way unique, as
the general solution of Eq. (21) is a family of periodic
functions, corresponding to relative minima of the free
energy (see Novick-Cohen and Segel [22]). In fact, im-

posing that u(0) = 0 and «,(0) = \/g'(/;a, with a < 1,
we find

u(3) = Bu, s (%\/Ez) : (23)

where B = /1 — /1 — o2, and sng is Jacobi’s elliptic
function with parameter k = 1/2(8/a)2 — 1. The Jacobi
elliptic function is defined as sng(x) = sin ¢, where ¢ =
amy(z) is the amplitude of the incomplete elliptic integral
of the first kind F'(k, ¢). This solution shows that [u(z)]
is always smaller than u. for any 2z, and is equal to u, only
when z = 0o and a = 1, that is, when the concentration
profile is given by Eq. (22). In the other limit case, when
a <€ 1, Eq. (23) reduces to the trivial sinusoidal profile

u(z) = ﬁue sin /2 z, (24)

with a period A, which, in dimensional form, equals
wa4/2/%. In general, for 0 < & < 1, the periodic solution
(23) has a period

/2
A=a 48 ———(%L, (25)
avé Jo V1 —kZsinb

where k is Jacobi’s parameter. As expected, A — oo
as a — 1, while A — Ay, as @ — 0. Therefore, the
general solution of (21) is a family of periodic functions,
with periods A ranging from wa+/2/% to infinity. Now,
among all these stationary solutions, only one represents
the stable, steady-state composition profile that the sys-
tem will adopt after long time, as will be explained in Sec.
III B. This stationary solution in general corresponds to
a metastable state, with |u| < u., where, in the absense
of any destabilizing mechanism, the system will remain
indefinitely. '

III. EQUATION OF MOTION
AND DYNAMICAL THEORY

According to the phenomenological relations of irre-
versible thermodynamics, the mass flow rates J4 and Jg
of species A and B, respectively, are linearly related to
the gradients of their chemical potentials through diffu-
sivity coefficients [23]. Then after easy manipulations
[22], defining the net Alux J = J4 — J5 we find the fol-
lowing constitutive relation:
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J =-DVj, (26)

where D = D(¢) is an effective composition-dependent,
diffusion coefficient, while [ is given by [see Eq. (20)]

+ ¥4 (1—2¢)

_ ¢
#—M0+1031_¢

where ¥, = (¥4 4+ TUg)/2and ¥_ = (¥4 —Tg)/2. Now
the constitutive equation (26) for the mass flux can be
substituted into the usual continuity equation in terms
of the concentration ¢{r,t) at location r and time t of
species A,
o4
—+4V-J=0.
at *
This dynamical equation is consistent with the previous
expressions (18) and (20) for the generalized specific free

(28)

-— energy and chemical potential. In fact, considering that

the specific energy dissipated per unit time equals the
product of the mass flux by the gradient of the chemical

- potential [23], i.e.,

E =—RTJ -V, (29)
it is easy to see that mean energy dissipation equals the
time derivative of the mean free energy,

de -

where no-flux or periodic boundary conditions have been
applied.

One of the interesting features of our approach is that
the diffusion coeflicient D is not a constant. Although
this does not affect the no-flux steady-state solution J =
0, it does change the transient behavior of the system.
In addition, this assumption allows a whole set of steady-
state solutions corresponding to J = const. 7 '

A. Linear stability theory

In this section we study the short-time behavior of a bi-
nary mixture, initially at uniform concentration ¢ = ¢y,
which is suddenly quenched to a temperature well below
its critical value T,. Now the linear theory of spinodal
decomposition is well known, and can be found elsewhere
[12-15]; here we derive only the results that will be used
in Sec. ITI B, where the nonlinear effects are discussed.

First, we linearize the equation of motion (28), defining

¢ — o 1
== =V, - 31 —-2¢)¥_ — ——————,
vy o Ve 302 gy
(31)
with © € 1 and & = 0, obtaining
ou 2 4
B = 29 Viu — Vi, (32)

where the spatial and time coordinates have been nondi-
mensionalized in terms of a and aZ?/D(¢y), respectively.

@7
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Equation (32) is the linearized Kuramoto-Shivashinsky
equation, and as such it exhibits the same behavior. In
particular, ¥ < 0 is a necessary condition to have insta-
bility, so that the stability condition becomes

[Bdo — 1]¥ 4 + [3(1 — o) — 1] (33)

1
Y5 < T =do)

The generalized free energy (18) and the energy dissipa-
tion (29) can be linearized in the same way, obtaining,
upon integration by parts,

+ [Vuf?), (34)

20 1432
E = $2(4¢? |vu|2 (v2 ) ' Vs' 7 35

where we have defined A§ = § — g(¢o). These ex-
pressions identically satisfy the energy conservation con-
straint (30).

Now, assuming a periodic perturbation for u,

u = up cos(k,x) cos(kyy) cos(k,z)e”?, (36)
Eq. (32) gives
o= (29— K?), (37)

where k is the length of the wave vector, i.e., k% = k2 +
kZ + k2. We therefore conclude that the state o= d’o is
unstable whenever

k < /2% = 27a/Amin, o (38)

in agreement with the analysis of the steady periodic so-
lutions of Eq. (21) developed in Sec. II. In addition, from
expression (34), we find that the change in energy caused
by perturbation (36) is negative, i.e., that the perturba-
tion reduces the level of energy in the system:

RT

AG = Fouf (=29 + E7)e™ . (39)

Such perturbatlons are called negative energy perturba-

tions [24], and can be sustained only when energy is re-

I

bo (1—450)
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moved from the system, in this case by dissipation. The
instability can therefore be called resistive [24].

Among the infinite number of unstable modes in the
system, the one that grows fastest will eventually prevail.
From Eq. (37) we find that the length of the wave vector
k = kmax which maximizes the exponential growth o is
given by

kmax = \/’E ' . - (40)

The spatial period of the solution, i.e., the typical di-
mension of a drop, A, and the typical time scale of the
dynamical process, 7, are, respectively, in dimensional
form,

A 2ma 2ma?
. = R T B — e —
PV Y D{go)¥
Considering that ¢ o« (T. — T) [8], this result shows
that deeper quenches, corresponding to higher values of
1, cause the formation of smaller drops within shorter
times. However, this conclusion should be taken cum
grano salis, as it assumes an instantaneous temperature
quench, which is generally impossible to achieve in most
experiments.

(41)

B. Effect of nonlinear terms

The diffusion coefficient D describes both the diffusion
of species A into B and that of B into A, that is D =
Dap = Dpa. Therefore D is a function of ¢(1 — ¢) and,
in fact, in most cases we can assume that [23]

D($) =Dod(1—¢). (42)

This expression satisfies the trivial requirement that D
must be zero as ¢ = 0 and 1 and approximates the diffu-
sion coefficient up to terms of order [¢(1 — ¢)]3. The dif-
fusion coefficient must satisfy the additional requirement
that it is negative (i.e., we have "negative diffusion”)
whenever ¢ is negative or larger than 1. Therefore, the
next term in the expansion of D, i.e., the O([¢(1 — ¢)]?)
term, must be identically zero. Finally, substituting (42),
(10), and (20) into (26) and (28), we obtain the unsteady
governing equation

—{1—2¢(1~¢)[\B+—3(1—2¢)\IJ 1}V — (1 —2¢) (Vo) - (V39)

—2[(1—24) T4 —3(1 - 64+ 6¢*)T_]|Vg|? — (1 — $)(V*8), (43)

where, as before, the spatial and time coordinates have
been nondimensionalized in terms of a and a?/D(¢),
respectively. Clearly, this equation remains invariant if
¢ and ¥4 are interchanged with (1 — ¢) and ¥p, re-
spectively. Equation (43) is subjected to no-flux bound-
ary conditions so that it identically satisfies the con-
straint (17) of mass conservation. Equation (43) has not
been written down explicitly before, to our knowledge,
although its linear approximation has been studied in

previous works [12-15]. One of its main characteristics
is that, unlike the original Cahn-Hilliard equation [8], it
does reduce to the usual diffusion equation when ¢ is
small and ¥4 = ¥ = 0. Equation (43) can be greatly

simplified when ¥_ =0, ¥, = ¥, and ¢¢ = —;—, obtaining

@ =4V2y —

= V(1 - u?)(2¥ + V?)|Vu, (44)
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where © = 2¢p — 1. In order to investigate the effect of
nonlinear terms, the governing equations (43) and (44)
have been integrated in one-dimensional space using the
spectral method described in Appendix B. The spatial
coordinate was scaled through the length scale of maxi-
mum growth, a/+/¥, and time through a?/D(¢y).
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It was found that nonlinearities saturate the growth of
the instability and lead to a steady state with periodic
variations of ¢, whose period A corresponds to the fastest
growing mode of the linear regime. More exactly, we
found that the final steady state of the system has a
wavelength equal to the submultiple of the length of the

T
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integration domain that is closest to the fastest growing
mode. Therefore, since the larger the domain the closer
this wavelength comes to the fastest growing mode, we
have chosen the length of the domain to be an exact
multiple of the fastest growing wave, out of convenience.

In Figs. 2(a) and 3(a) the composition of the mixture at
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a fixed point is plotted as a function of time for two differ-
ent values of ¥, one close to the instability threshold (i.e.,
U = 2.3), and the other one larger (i.e., ¥ = 5). Our re-
sults show that for short times an exponential growth oc-
curs, in perfect agreement with the linear stability anal-
ysis of Sec. IIL A, while after a characteristic time 7, that

1.00Q N T T T T T T T T T T T T T T T 3
95 F CYR.
90 _:
.85 |- -
.80 |- ]
d y ]
sk a b .
a0 F ]
65 [ N

C ] FIG. 3. (a) Composition as a function of

.60 - " time at a fixed location z = 0 for ¥ = 5.

- 4 Curve a: Linear theory, growing exponen-

7 L L L ] tially in time. Curve b: Numerical solution of

55 ) 1 2 3 4 5 6 7 9 i.6 Eq. (43). The growth saturates much faster

¢ than in Fig. 2(a). (b) Composition as a func-

tion of position for ¥ = 5 at different times
when a small periodic perturbation with pe-

riod A, is superimposed on the initial compo-
sition ¢o = 0.5. The spatial coordinate z is
normalized to vary between 0 and w. Curves
a, b, ¢, and d correspond, respectively, to
times £ = 0, 0.3, 0.6, and 1.0.
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agrees with Eq. (41) the solution saturates, as nonlinear
effects become dominant. The complete time- and space-
dependent solution of Eq. (44) can be seen in Figs. 2(b)
and 3(b) for ¥ = 2.3 and 5, respectively. In both cases
the initial composition is the same, ¢g = %, and the per-

.5050 —
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turbation is periodic with period A,. As expected from
the symmetry of the equation, the deviations from the
initial composition remain at all times symmetric around
¢ = 11,- Eventually, after a time of order 7,, a steady-state

configuration is reached that, for ¥ = 2.3, agrees within
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FIG. 4.

Composition as a function of position for ¥ = 5 at different times when a small localized perturbation is superim-

posed to the initial composition ¢o = 0.5 . The spatial coordinate z is normalized to vary between 0 and 8w. (2), (b), ard (c)

correspond, respectively, to times t =0, 0.5, and 3.
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FIG. 4. (Continued).

1% with the periodic solution (23) with period A,. Specif-
ically, this solution corresponds to a value & = 0.933 of
the slope of the steady concentration profile at the ori-
gin. We note here that the analytical solution (23) is
only approximate, as O(u®) terms have been neglected,
and in fact it is not applicable to the case ¥ = 5. There-
fore, we see that a broadband initial excitation of the
system selects the fastest growing mode. This behavior
is quite typical of absolutely unstable supercritical sys-
tems, where the fastest-growing mode is also the absolute
instability mode of the system, as it corresponds to the
pinching double root of the dispersion relation. Finally,
it should be noted that while for ¥ = 2.3 the Ginzburg
criterion (19) is satisfied, when ¥ = 5 it is not, and this
case is presented only to illustrate the main features of
our model. However, this limitation is not too severe,
as, for example, the case ¥ = 2.3, far from being ideal,
describes the state of any binary mixture whose equilib-
rium compositions are ¢, = 0.16 and 0.84 [see Egs. (12)
and (13)]. So, for example, this case describes the mix-
ture nitromethane-pentene, with a critical temperature
T, = 47°C [25], when it is quenched to 30°C.

An important result of our computation is that the fi-
nal steady-state concentration profile is independent of
the initial disturbance, provided that this disturbance is
small. This can be seen in Fig. 4, where the case with
¥ =05 and ¢g = %— is analyzed, assuming that the initial
perturbation is localized. Our results show that eventu-
ally the system reaches the same steady state as the one
of Fig. 3(b). However, the relaxation time in this case
depends on the dimension of the system, as one would
expect, given the diffusive nature of the process. For

example, in the computation of Fig. 4 the system has
a width of 8),, and the relaxation time is about three
times larger than in the previous case, where the system
effectively has a width equal to A,. The independence
of the final stationary profile from its initial conditions
was not noticed in the previous numerical solution of the
Cahn-Hilliard equation [26].

Another important result of our computation is that
the concentration within the drops at steady state, ¢gs,
is position dependent, and has a metastable value, lying
between its equilibrium and its spinodal value, i.e.,

|6e(T) — 31 > 16es(T) — 31 > |6(T) — 4. (45)

This behavior can be understood by noting that in the
steady-state solution, Eq. (20) with v = 0, the nonzero
chemical potential term is equal to the Laplacian of the
concentration, thereby implying that the steady-state
concentration within a drop is not constant in space.
So we conclude that, once the unstable, spinodal de-
composition process is completed, a stationary config-
uration ¢g is reached, corresponding to the formation of
small, metastable drops. Later, these metastable drops
will grow with tirne, due to thermal fluctuations, coales-
cence, and gravity, until a complete phase separation is
achieved. This successive coarsening process takes place
with much longer characteristic times and will be ad-
dressed in a future study.

For different values of the initial concentration ¢¢ and
when ¥, # Up, we obtained results that are qualita-
tively similar to the ones described in Figs. 2, 3, and 4,
so that we chose not to include them.
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APPENDIX A: EXCESS FREE ENERGY

From the definition of the excess free energy, g =
g—g'9, and the energy conservation equation, dg = vdP,
at constant temperature T and composition x4, with v
and P denoting molar volume and pressure, respectively,

we easily find, at constant temperature and composition
(23]

P
g = RT /0 (Z —1)dP/P, (A1)

where R is the gas constant and Z = Pv/RT the com-
pressibility factor. Now Z can be expressed through the
virial equation for a gas binary mixture [19],

BP

Z=1+ﬁ

, B=2%Bsa+2z423Bap+ r5B5s5,
(A2)

where the virial coeflicient B;; characterizes the repulsive
interaction between molecule ¢ and molecule j,

Bi(T) = %fu —~ e~ Uis/RTgp,

with U;;j(r) denoting the interaction energy between

(A3)
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molecules i and j. Finally, substituting (A2) into (A1)
and assuming that, since species A and B have similar
properties, Bas = Bpgp, we obtain the Flory-Hugging
expression (5) with ¥ = 2P(Bap — Baa)/(RT). From
here it appears that ¥ > 0 when the repulsive force be-
tween different molecules A and B is stronger than that
between identical molecules.

APPENDIX B: NUMERICAL TECHNIQUE

The one-dimensional version of Eq. (44) was solved nu-
merically, using a split-step method in time and a pseu-
dospectral collocation method in space. In one dimension

Eq. (44) reads
2\ o
8z2 ) 8z |

In the first part of the split step we treat all nonlinear
terms , whereas in the second part we only treat all linear
terms.

Because of the symmetry of Eq. (B1) with respect to
z (it does not change if z is replaced by —x), we can
expand u in a cosine Fourier series in . The truncated
version of the series reads

N
U= E qpn COS LT,

n=0

Ou _
at

Bzu_g

5% " Ba [(1 —u?) (2@ + (B1)

(B2)

-8 —

-10

-11

-13 |-

-14 1 I 1 1 1 | L | ¢ ! I ! 1 ! 1

FIG. 5. Logarithm of the error in the first
Fourier coefficient as a function of the num-
1 Dber of Fourier coefficients N. The error de-
cays exponentially with N.
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where we have assumed that z varies in the interval
(0,7) (if not, a simple rescaling of = will do). Within
the context of collocation methods the coefficients g,
are related to the values of u at the equidistant points
z;=1Iln/N, n=0,1,...,N through the discrete cosine
transform (see, for example, Press et al. [27]):

N-1 -
On = E U} COS (—) . (B3)
n=0
N-1
2 nlm
U = N '?:0 qn COS (—J-V—) 3 (B4)

where u(z;) = u;.

All even-order derivatives of u have cosine transforms
like (B3), whereas all odd-order derivatives of u have sine
transforms. The cosine and sine transforms and their in-
verses can be computed very efficiently using the fast
Fourier transform algorithm. Thus the discrete Fourier
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cosine transform of u is first evaluated, then the deriva-
tives of u at the points z = z; are evaluated first in wave
number space, and are transformed back into physical
space through inverse fast Fourier transforms. The inte-
gration in time is then performed in physical space us-
ing the explicit second-order accurate Adams-Bashforth
scheme [27]. ’

In the second part of the scheme only the linear terms
are treated. The integration in time is performed ana-
lytically in wave number space using the outcome of the
first part of the split as an initial condition. Then the re-
sults are transformed back into physical space to proceed
with the next time step.

The accuracy of the computation is first order in time
because of the split. Thus the error is kept low by re-
ducing the size of the time step. The convergence in
space, on the other hand, is exponentially fast in N.
This is demonstrated in Fig. 5, where the error in the
first Fourier coefficient is plotted as a function of N in a
semilog plot (computation for ¥ = 3).
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